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Some filtrations of kC,

Write kC, = k[Y]/(YP). A picture
of this is

ly
1y
Iy
ly

Putting the p dots in various weights
produces various filtrations of kCj,,

e.g. the radical filtration E,.q:

wgt 0

wgt 1

wgtp — 2

wgtp —1
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Some filtrations of kC,

Write [m] = k[Y]/(Y™). A picture  Putting the m dots in various weights
of this is produces various filtrations of [m],

IY e.g. the radical filtration [m],aq:
[ ]
wgt 0 °
1y Iy
: wgt 1 °
iY A
® :
ly Y
° wgtm — 2 °
1y
wgtm —1 °

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024 4/33



Some operations on filtrations

In general, a filtered module is
an ascending chain of
submodules (starting with 0's):

In particular, we have four
natural operations.
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Some operations on filtrations

In general, a filtered module is

an ascending chain of gr The associated graded gr(A) =
submodules (starting with 0's): Doz e (A) = B, cp A/ AWH

In particular, we have four
natural operations.
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Some operations on filtrations

In general, a filtered module is

an ascending chain of gr The associated graded gr(A) =
submodules (starting with 0's): Doz e (A) = B, cp A/ AWH
un The underlying module
: un(A) = A=
)
A—l
)
AO
j\
Al
j\

In particular, we have four
natural operations.
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Some operations on filtrations

In general, a filtered module is

an ascending chain of gr The associated graded gr(A) =
submodules (starting with 0's): Bz e(A) = B, ez A /AYH!
w w
un The underlying module
: un(A) = A=
T_l twist The filtration A(n) where
AT everything is moved down by n
AO
)
Al
)

In particular, we have four
natural operations.
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Some operations on filtrations

In general, a filtered module is

an ascending chair_1 of o gr The associated graded gr(A) =
submodules (starting with 0's): Bz e(A) = B, ez A /AYH!
un The underlying module
: un(A) = A=
T_l twist The filtration A(n) where
AT everything is moved down by n
A0 gap The filtration gap”(A) where a
4 gap is inserted at weight w so that
Al gr'(A)=0
)

In particular, we have four
natural operations.
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Some operations on filtrations
For example, for E,.q:
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Some operations on filtrations
For example, for E,.q:

o gr(Erad) = kP
o un(Erng) = kG,
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Some operations on filtrations

For example, for E,.q:

o gr(Eraq) = kTP
o un(Erng) = kG,

e E..4(n) is the filtered module

wgt n °
ly

wgtn—+1 °
1y

1Y

wgtn+p—2 °
ly

wgtn+p—1 .
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Some operations on filtrations

For example, for E,.q:
o gr(Eq) = k®P o gapP 1(E,.q) is the filtered module
o un(Erng) = kG,

e E..4(n) is the filtered module wet0 lY
wgt 1 °
wgt n ° 1y
ly
wgtn+1 ° :
1y Ly
wgtp — 3 °
: 1y
1y wgtp — 2 .
wgtn+p—2 °
ly wgtp—1 Y
wgtn+p—1 .
wgt p .
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Some morphisms

Morphisms f: A — B of filtered modules respect weights: f(A") C B".

Colin Ni (UCLA)

Permutation-filtered kG-modules



Some morphisms

Morphisms f: A — B of filtered modules respect weights: f(A") C B".

For example:
o Ba: A— A(1) twists by 1, e.g.

ﬁ ra
Erad —d> Erad(]-)

wgt 0 °
Yl \
wgt 1 ° °
Y~ \ lY
wgt 2 °
y l by
iv
TR ~ l
Y
wgt p
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Some morphisms

Morphisms f: A — B of filtered modules respect weights: f(A") C B".

For example:

e Ba: A— A(1) twists by 1, e.g. e Y?: En4(b) = Enagis a
Be..y morphism iff a > b, e.g.

Erad —_— Erad (1)

wgt 0 °
vl \ wgt 0

wgt 1 ° ° wgt 1
Y~ \ lY

wgt 2 : o wgt 2
y l by

iY

wgtp—1
wgtp —1 o gtp
\ J/Y wgt p
wgt p
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Some complexes

e Koszul complex

kos = ( k 5 kG,
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Some complexes

e Koszul complex in weight 0

kos(0) = ( 1 X kCp(0) —— KkCp(0) —— 1)
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Some complexes

e Koszul complex in weight 0

kos(0) = (1 =5 kC,p(0) —Y kC,o(0) —2 1)

e Koszul complex filtered so that gr is split exact

wgt 0 e —— e
wgt 1 o—>f
wgt 2 £—>£
‘ ‘
wgtp —1 I—>o
wgt p e ——— e

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024 8/33



Some complexes
e Koszul complex in weight 0

kos(0) = (1 =5 kC,p(0) —Y kC,o(0) —2 1)

e Koszul complex filtered so that gr is split exact

1(P) E Erad(l) L) Erad ;) 1
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Some complexes

e Koszul complex in weight 0

kos(0) = (1 =5 kC,p(0) —Y kC,o(0) —2 1)

e Koszul complex filtered so that gr is split exact
1(P) E Erad(l) L) Erad ;) 1
e Cone of a morphism (in homological degree 0), e.g.

/BErad

cone B, = ( Erad — Erad(1) )
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The category of permutation-filtered kG-modules

Denote A = kG-mod.
Consider the following categories and functors:

Apfil . Afil

o . e

perm(G; k) —— A
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The category of permutation-filtered kG-modules
Denote A = kG-mod.

Consider the following categories and functors:

Apfil . Afil

o . e

perm(G; k) —— A

Spelling it out, APfil is the full subcategory of permutation-filtered
modules. All examples we have seen so far are permutation-filtered, but
e.g. for G = C, with p odd, the filtration

wgt 0 °
vl
wgt 1 o e e
of kCp is not.
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The category of permutation-filtered kG-modules

Denote A = kG-mod.
Consider the following tensor (® for reps) categories and tensor functors:

Apfil P Afil

| lgr

perm(G; k) —— A
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The category of permutation-filtered kG-modules

Denote A = kG-mod.
Consider the following exact tensor categories and exact tensor functors:

pfil fil
‘Agrspl ‘Aqab

o lgr

perm(G; k)spl —— Aqab
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The category of permutation-filtered kG-modules

Denote A = kG-mod.
Consider the following tt-categories and tt-functors:

fil i
D (Aprept) — Db(Afsp)

o e

Kp(perm(G; k)) ——— Dp(A)
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The category of permutation-filtered kG-modules
Denote A = kG-mod.
Consider the following tt-categories and tt-functors:

fil :
D (Aprept) — Db(Afsp)

o e

Kp(perm(G; k)) ——— Dp(A)

Compute SpC(Db(Agi!pl

Problem
) J
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The category of permutation-filtered kG-modules

Denote A = kG-mod.
Consider the following tt-categories and tt-functors:

fil i
Db (Agyspr) > Db(Afp)

o e

Kb(perm(G; k)) ——— Dyp(A)

Recall that Spc(X) is the space of
prime tt-ideals of X and that

{Thomason subsets of Spc(X)}
12
{tt-ideals of X}
12
{objects up to tt-equivalence}

Problem
Compute SPC(Db(Agi!m))-
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The category of permutation-filtered kG-modules

Denote A = kG-mod.
Consider the following tt-categories and tt-functors:

fil i
Db (Agyspr) > Db(Afp)

o e

Kb(perm(G; k)) ——— Dyp(A)

Recall that Spc(XK) is the space of
prime tt-ideals of X and that

{closed subsets of Spc(K)}
12
{tt-ideals of X}
12
{objects up to tt-equivalence}

Problem
Compute SPC(Db(Agi!m))-
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Applications

Representation theory Filtered representations are a natural thing to
study, even with restrictions on gr.
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Applications

Representation theory Filtered representations are a natural thing to
study, even with restrictions on gr.

Motives Conjecturally Db((kG—mod)gigpl) = DATME&™(F; k) are
tt-equivalent, where

F is a field containing a primitive mth root of unity

k = Z/m with char(F) t m,

G = Gp is the absolute Galois group

DATMS8™(F; k) are the Artin-Tate motives, the thick

triangulated (in fact rigid tt-) subcategory of DM&™(F; k)

generated by M(E)(n) for E/F finite separable and n € Z
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Outline of this talk

© Thecase G =G,
@ grspl-projective-injectives
@ Overall strategy
@ The top region supp(cone fg,_,)
@ The right region Db(Ag'ab)
@ The mysterious bottom region Db(Aggpl)/(cone BE,.q)

@ The bottom-left region stab(Agigpl)
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Outline of this talk

9 The case G = C,

@ grspl-projective-injectives
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grspl-projective-injectives

Proposition (N., March)

Aggm is Frobenius with projective-injectives forming a prime tensor-ideal

(Erad)- In fact, these are the direct sums of twists of E g and kC,(0).

e E,.q is projective by an elementary but intricate argument.
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grspl-projective-injectives

Proposition (N., March)

Apf'l ol is Frobenius with projective-injectives forming a prime tensor-ideal
(Erad> In fact, these are the direct sums of twists of E g and kC,(0).

e E,.q is projective by an elementary but intricate argument. Given

A

o

Erad 4)6) B
lift £(1) to some a € A such that wgta =0 and wgt Ya> 1. A
violation of weights can only occur if w = wgt Y/a = wgt Y'*1a < oo
for some i, but then Y'*1a comes from a copy of kCp(w). Using this,
we can correct a so that wgt Yt1a = wgt Y/a + 1.
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grspl-projective-injectives

Proposition (N., March)

Aggm is Frobenius with projective-injectives forming a prime tensor-ideal

(Erad)- In fact, these are the direct sums of twists of E g and kC,(0).

e E,.q is projective by an elementary but intricate argument.
e The projectives form an ideal: Hom(P ® A, —) = Hom(P, AV @ (—))
is exact (the category is rigid, and every object is flat).
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grspl-projective-injectives

Proposition (N., March)

Apf'l ol is Frobenius with projective-injectives forming a prime tensor-ideal
(Erad> In fact, these are the direct sums of twists of E g and kC,(0).

e E,.q is projective by an elementary but intricate argument.
e The projectives form an ideal: Hom(P ® A, —) = Hom(P, AV @ (—))
is exact (the category is rigid, and every object is flat).

e Thus the projectives are (E,.q) because (Eag — 1) ® P exhibits P as
a direct summand of E;,q ® P.

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024 16 /33



grspl-projective-injectives

Proposition (N., March)

Apf'l ol is Frobenius with projective-injectives forming a prime tensor-ideal
(Erad> In fact, these are the direct sums of twists of E g and kC,(0).

e E,.q is projective by an elementary but intricate argument.
The projectives form an ideal: Hom(P ® A, —) = Hom(P, AY @ (—))
is exact (the category is rigid, and every object is flat).

Thus the projectives are (E,.q) because (E;ag — 1) ® P exhibits P as
a direct summand of E;,q ® P.

More elementary but intricate arguments show that projectives are
direct sums of twists of E,q and kC,(0) and that (E,.q) is prime.

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024 16 /33



grspl-projective-injectives

Proposition (N., March)

Apf'l ol is Frobenius with projective-injectives forming a prime tensor-ideal
(Erad> In fact, these are the direct sums of twists of E g and kC,(0).

e E,.q is projective by an elementary but intricate argument.

e The projectives form an ideal: Hom(P ® A, —) = Hom(P, AV @ (—))
is exact (the category is rigid, and every object is flat).

e Thus the projectives are (E,.q) because (Eag — 1) ® P exhibits P as
a direct summand of E;,q ® P.

e More elementary but intricate arguments show that projectives are
direct sums of twists of E,q and kC,(0) and that (E,.q) is prime.

e E/, =End(—p+1) and kC,(0)Y = kC,(0) and duals of projectives
are injectives, so this is also the tensor-ideal of injectives.
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Outline of this talk

9 The case G = C,

@ Overall strategy
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Overall strategy for G = C,

The support of cone Sg_, and the complement partition the spectrum.

rad
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Overall strategy for G = C,

The tt-functor gr induces a homeomorphism onto supp(cone Sg,,,) and
surjects closed points.

Spc Db(Agt!pl) $ Sp;(gr) Spc Kp(perm(G; k))
O Gy fkos)
. (kCp, kos)
U(cone Bg,,,)

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024

18/33



Overall strategy for G = C,

Unfortunately U(cone fg,,,) is somewhat mysterious. But since
U(cone Bg,,,) = U(cone 8) U U(E,ad), we can divide and conquer.
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Overall strategy for G = C,

For U(cone 3), we can do better and look at U(kos(0)) D U(cone j3).

Localizing at (kos(0)) produces Db(-AQLb)

Spc Dy (AP ) ) spepy(af)
~_ 1 0
. (kCp(0))
—
/ . : <coneﬁ)
. (kCp(0), cone 3)
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Overall strategy for G = C,

For U(cone 3), we can do better and look at U(kos(0)) D U(cone j3).

Localizing at (kos(0)) produces Db(AQLb)

SpcDp(APf ) P9 spepy(afi,
. \ . (kos(0)) /<0>
(kCp(0), kos(0)) (kCp(0))
—
(cone 3, kps(O)) ‘ (cone ﬂ)
(kCp(0), cone 3, kos(0)) (kCp(0), cone 3)
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Overall strategy for G = C,

For U(Eaq), the localization is the stable category.

(0) ° *
~ N
37 — 37 /
~ N
(gapp_l(Erad» °
S b pfil ) Spc(quo) . SpcD Apfil
pc(stab(Agsy)) » Spe Dy (Agrgpi)

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024 18/33



Overall strategy for G = C,

For U(Eaq), the localization is the stable category.

(0) (Erad) @
~ ~
37 — 37 /
<gapp_1(Erad)> <gapp_1(Erad)a Erad)
S b(APT ) Spc(quo) s SpcDr (AP
pC(Sta (‘Agrspl)) 7 Opc b( grspl)
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Overall strategy for G = C,

We are almost done.

Spc Dp(APT )

(
N

(0), kos(0))

kos(0))

(Evad) (kos(0), cone 3)

~N

37

~

<ga ppil (Erad ) ) Erad>
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Overall strategy for G = C,

Simplifying gives this:
fil
SpcD (Agrspl)

(kos(0))

e

(Erad) (cone 3)

\3?\ /

<ga pp—l (Erad)>

Colin Ni (UCLA) Permutation-filtered kG-modules

August 27, 2024

18/33



Overall strategy for G = C,

Since Spc(gr) surjected the closed points, (E,aq) must specialize to
something, which must be the top-left point (kos(0) is not perfect).

Spc Db(ﬂpfil )

grspl
\ (kos(0))
»(0), kos(0
(Erad) (cone 3)

\3?\ /

<ga pp—l (Erad)>
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Overall strategy for G = C,

Finally, the top-left point contains kC,(0), and it must be (kC,(0)) by

examining supports.
SpcDy(APn))
(kCp(0)) (

(kCp(0), kos(0))

(Erad) (cone )

~N

37
<ga pp—l (Erad )>
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Overall strategy for G = C,

Theorem (almost) (N.)

Spc Db(ﬂgt!pl) has the following description:

(kCp( kos(0))

0)) {
~N 7

(kCp(0), kos(0))

<Erad> <Cone ,8>

N

37
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Outline of this talk

9 The case G = C,

@ The top region supp(cone BErad)
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The top region of Spc(Dp(A" )

grspl

Proposition (N., March)

gr: Dp(AP™ ) — Kp(perm(G; k)) induces a homeomorphism

grspl
(KGy) (kos)
supp(cone f,,,) = Spc(Kp(perm(G; k))) = ~ -
(kCp, kos)
August 27, 2024 20/33



The top region of SpC(Db(Agiislm))

Proposition (N., March)

gr: Db(Aggm) — Kp(perm(G; k)) induces a homeomorphism
(KG) (kos)
supp(cone fE,,,) = Spc(Kp(perm(G; k))) = ~ —
(kCp, kos)

v

This is the top region in the sense that Spc(gr) surjects the closed points;
by ttrigonometry this is equivalent to gr being conservative.

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024 20/33



The top region of Spc(Dp(A" )

grspl

Proposition (N., March)

gr: Db(-’qggm) — Kp(perm(G; k)) induces a homeomorphism
(kCp) (kos)
supp(cone Bg,,,) = Spc(Ks(perm(G; k))) = ~ —
(kCp, kos)
Some easy observations:
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The top region of Spc(Dp(A™ )

grspl

Proposition (N., March)

gr: Db(Aggm) — Kp(perm(G; k)) induces a homeomorphism
(KG) (kos)
supp(cone fE,,,) = Spc(Kp(perm(G; k))) = ~ —
(kCp, kos)

Some easy observations:

e gr has a section, which by functoriality of Spc implies Spc(gr) is a
homeomorphism onto its image.
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The top region of Spc(Dp(A™ )

grspl

Proposition (N., March)

gr: Db(AZigpl) — Kp(perm(G; k)) induces a homeomorphism
(KG) (kos)
supp(cone fE,,,) = Spc(Kp(perm(G; k))) = ~ —
(kCp, kos)

Some easy observations:

e gr has a section, which by functoriality of Spc implies Spc(gr) is a
homeomorphism onto its image.

e Spc(gr) lands in supp(cone fBg,.,) since gr(cone fg,.,) = kPP[1] & k®P
is a direct sum of invertibles, so cone Jg,., ¢ any prime in im Spc(gr)
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Key point
Spc(gr) surjects supp(cone fg,,,). By ttrigonometry, this is equivalent to gr
detecting nilpotence on cone g

rad *
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Key point
Spc(gr) surjects supp(cone fg,,,). By ttrigonometry, this is equivalent to gr
detecting nilpotence on cone ;.

(This means that if gr(f) = 0, then f®" ® cone fg,,, = 0 for some n > 1.)
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Key point

Spc(gr) surjects supp(cone fg,,,). By ttrigonometry, this is equivalent to gr
detecting nilpotence on cone g

rad *

(This means that if gr(f) = 0, then f®" ® cone fg,,, = 0 for some n > 1.)
Sketch of proof, just to say 5 key words:
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Key point

Spc(gr) surjects supp(cone fg,,,). By ttrigonometry, this is equivalent to gr
detecting nilpotence on cone g

rad *

(This means that if gr(f) = 0, then f®" ® cone fg,,, = 0 for some n > 1.)
Sketch of proof, just to say 5 key words:

e By rigidity, reduce to the case f: 1 — X in K, (APf).
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Key point

Spc(gr) surjects supp(cone fg,,,). By ttrigonometry, this is equivalent to gr

detecting nilpotence on cone g

rad *

(This means that if gr(f) = 0, then f®" ® cone fg,,, = 0 for some n > 1.)

Sketch of proof, just to say 5 key words:
e By rigidity, reduce to the case f: 1 — X in K (APfh.

e Unravelling, f®" @ cone fBg,,, = 0 is equivalent to having

rad

E
Cc
/ \Lf6®nE®Erad7bB

(X®n)1 X Erad m (X®n)0 & Erad

Erad(l)

and b \0)

(X®n)0 & Erad m (X®n)—l ® Erad
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Key point
Spc(gr) surjects supp(cone fg,,,). By ttrigonometry, this is equivalent to gr
detecting nilpotence on cone g

rad *

(This means that if gr(f) = 0, then f®" ® cone fg,,, = 0 for some n > 1.)
Sketch of proof, just to say 5 key words:

e By rigidity, reduce to the case f: 1 — X in K (APfh.

e Unravelling and using that E,.q is projective, f®" @ coneffg,,, = 0 is
equivalent to having

Erad Eraa(1)
/ la—bﬂgrad and b| \0
(X5 —5= (X0 (X0 —= (X

where a = f°"¢: Erag — (X®")o.
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e The hypothesis gr(f) = 0 offers a nullhomotopy k — gr(Xi), which
trivially lifts to kC,(0) — Xi. Projectivity of E,.q lifts this along
X9 — gr®(X1), producing w: Eag — Xi.
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e The hypothesis gr(f) = 0 offers a nullhomotopy k — gr(Xi), which
trivially lifts to kC,(0) — Xi. Projectivity of E,.q lifts this along
X9 — gr®(X1), producing w: Eag — Xi.

e Set y = foe — dw: Eaq — Xo, which satisfies y(1) € X3.
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e The hypothesis gr(f) = 0 offers a nullhomotopy k — gr(X1), which
trivially lifts to kC,(0) — Xi. Projectivity of E,.q lifts this along
X9 — gr®(X1), producing w: Eag — Xi.

e Set y = foe — dw: Eaq — Xo, which satisfies y(1) € X3.

e Take b: Erag(1) — (X®")g to be the morphism such that
b(1) = y(1)®", which trivially respects weights when n > p since
y(1)®" € (X®")8. Take c: Erag — (X®")1 to be the morphism such
that

c(1) = zn: foe(1)*" 7t @ w(1) @ y(1)¥,
j=0

which respects weights since fye, w, and y are morphisms from E,.q.
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The hypothesis gr(f) = 0 offers a nullhomotopy k — gr(X1), which
trivially lifts to kC,(0) — Xi. Projectivity of E,.q lifts this along
X9 — gr®(X1), producing w: Eag — Xi.

Set y = foe — dw: Eaq — Xo, which satisfies y(1) € X3.

Take b: Eaq(1) — (X®")g to be the morphism such that

b(1) = y(1)®", which trivially respects weights when n > p since
y(1)®" € (X®")8. Take c: Erag — (X®")1 to be the morphism such
that

n
(1) =) fe()*" 7 @ w(l) @y (1),
j=0
which respects weights since fye, w, and y are morphisms from E,.q.
Since dw = fye — y, the sum dc(1) telescopes, showing that
dc =a— b0e

rad *
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Outline of this talk

9 The case G = C,

ab)

@ The right region Db(Agi

Colin Ni (UCLA)

Permutation-filtered kG-modules



Colin Ni (UCLA)

Finite permutation resolutions

Theorem (Rouquier, 2008)

Kb(perm(G; k))/{(gab-ac) — Dp(A)
is an equivalence
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Finite permutation resolutions

Theorem (Rouquier, 2008)

Kp(perm(G; k))/(qab-ac) — Dy(A)
is an equivalence

Theorem (Balmer-Gallauer, 2022)

Every kG-module admits a finite
resolution by permutation modules.
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Finite permutation resolutions

Theorem (Rouquier, 2008)

Kp(perm(G; k))/(qab-ac) — Dy(A)
is an equivalence

Theorem (Balmer-Gallauer, 2022)

Every kG-module admits a finite
resolution by permutation modules.

In contrast, a kG-module admits a
finite projective resolution iff it is
projective.
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Finite permutation resolutions

Theorem (Rouquier, 2008) Proposition (N., April)
Ko(perm(G; k))/{qab-ac) = Dy(A) | Dy(APTL )/ (qab-ac) — Dp(Afl,)
is an equivalence | is an equivalence for G a p-group.

Every filtered kG-module admits
Theorem (Balmer-Gallauer, 2022) | a finite resolution by

Every kG-module admits a finite permutation-filtered kG-modules. |

resolution by permutation modules.

In contrast, a kG-module admits a
finite projective resolution iff it is
projective.
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The interesting part is showing essential surjectivity because a priori one
does not know that the essential image is triangulated.
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The interesting part is showing essential surjectivity because a priori one
does not know that the essential image is triangulated.

Key Idea

A complex X in Db(AgiLb) is m-projective-permutation if X; is
permutation-filtered for all / and X; is gab-projective for j < m. The full
subcategory of Db(AQLb) of objects admitting an m-projective-permutation
resolution for all m > 0 is triangulated.
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The interesting part is showing essential surjectivity because a priori one
does not know that the essential image is triangulated.

Key Idea

A complex X in Db(AgiLb) is m-projective-permutation if X; is
permutation-filtered for all / and X; is gab-projective for j < m. The full
subcategory of Db(AQLb) of objects admitting an m-projective-permutation
resolution for all m > 0 is triangulated.

e |n our setting, this is also tensor, hence a tt-subcategory.
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The interesting part is showing essential surjectivity because a priori one
does not know that the essential image is triangulated.

Key Idea

A complex X in Db(Af]”ab) is m-projective-permutation if X; is
permutation-filtered for all / and X; is gab-projective for j < m. The full
subcategory of Db(AQLb) of objects admitting an m-projective-permutation
resolution for all m > 0 is triangulated.

e |n our setting, this is also tensor, hence a tt-subcategory.

e We have generators for Db(.Ag'ab) as tt-subcategory: 1(1), 1(—1), and
A(0) for Ain A.
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The interesting part is showing essential surjectivity because a priori one
does not know that the essential image is triangulated.

Key Idea

A complex X in Db(Aglab) is m-projective-permutation if X; is
permutation-filtered for all / and X; is gab-projective for j < m. The full
subcategory of Db(Ang) of objects admitting an m-projective-permutation
resolution for all m > 0 is triangulated.

e |n our setting, this is also tensor, hence a tt-subcategory.
e We have generators for Db(.A;”ab) as tt-subcategory: 1(1), 1(—1), and
A(0) for Ain A.

e These generators admit m-projective-permutation resolutions for all
m > 0, namely by taking the ones afforded by Balmer-Gallauer 2022
and putting them in a single weight. So we are done.
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The right region Dy, (A"

Proposition (N., February)
Spc(Db(A;" b)) is the space

a

0

/
(kCp(0))

(cone j3)
—

(kCp(0), cone 3)

gab

This generalizes to p-groups.
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The right region Db(fl;”ab)

Proposition (N., February)
Spc(Db(Ag' b)) is the space

a

0

/
(kCp(0))

(cone )
—

(kCp(0), cone 3)

o gr: Db(Ag'ab

This generalizes to p-groups.

Colin Ni (UCLA)

Permutation-filtered kG-modules

) — Dp(A) detects

August 27, 2024

nilpotence on cone 3, hence as before
Spc(gr) is a homeomorphism onto

supp(cone ).
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The right region Dp(ALL,)

Proposition (N., February)
Spc(Db(A;” b)) is the space

a

0

/
(kCp(0))

(cone )
—

(kCp(0), cone 3)

® gr: Db(A;”ab) — Dp(A) detects
nilpotence on cone 3, hence as before
Spc(gr) is a homeomorphism onto
supp(cone ).

e The bottom two points come from

Dp(A)

0]

Do (Afhb)

This generalizes to p-groups.

Colin Ni (UCLA)

’ !
Di(AfL,)/ (cone )

being an adjoint equivalence.
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Outline of this talk

© Thecase G =G,

@ The mysterious bottom region Dy (
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A good guess
Ky(perm(G; k))

o]

fi
Db (APL)

quol

D (APNL,)/ (cone B,.,)

e Typically quo(0) 4 un are equivalences, e.g. for Ag;b.
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A good guess
Ky(perm(G; k))

o]

fil
D (‘Agrspl)

quol

Dy(APfe,)/ (cone Be..,)

e Typically quo(0) = un are equivalences, e.g. for Afl,,.

e Here, quo(0) is fully faithful, contains A(0) in its essential image, and
has a candidate right-adjoint un.
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A good guess
Kp(perm(G; k)) ———» Dp(A)

fil
Db(‘Agrspl)

lquo

D (AP,)/{cone Be,,,)

fil
gab*
e Here, quo(0) is fully faithful, contains A(0) in its essential image, and

has a candidate right-adjoint un.

e Typically quo(0) 4 un are equivalences, e.g. for A
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A good guess
Kp(perm(G; k)) ———» Dp(A)

o =5
Do (Afrser)
liu::l un=colim, R(—)°(L®"®—)

Dy (AP )/ (cone Be,.,)

fil

e Typically quo(0) - un are equivalences, e.g. for Agab-

e Here, quo(0) is fully faithful, contains A(0) in its essential image, and
has a candidate right-adjoint un.
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A good guess
Kp(perm(G; k)) ———» Dp(A)

lm) %
Dy Apfilpl)

grs
l un=colim, R(—)°(L®"®—)
quo

Dy (AP )/ (cone Be,.,)

e Typically quo(0) = un are equivalences, e.g. for Afl,.

e Here, quo(0) is fully faithful, contains A(0) in its essential image, and
has a candidate right-adjoint un.

e For p > 2, the essential image of quo(0) does not contain 1(1)
because un(1(1)) = ([2] — [1]) ¢ Kp(perm(G; k)).
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A good guess
Kp(perm(G; k)) ———» Dp(A)

lm) %
Dy Apfilpl)

grs
l un=colim, R(—)°(L®"®—)
quo

Dy (AP )/ (cone Be,.,)

e Typically quo(0) = un are equivalences, e.g. for Afl,.

e Here, quo(0) is fully faithful, contains A(0) in its essential image, and
has a candidate right-adjoint un.

e For p > 2, the essential image of quo(0) does not contain 1(1)

because un(1(1)) = ([2] — [1]) ¢ Kp(perm(G; k)). But it does
contain 1(p).
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A good guess

1(p) is in the essential image of quo(0) because

essim(quo(0)) > kCp(0) —— kCp(0) —— k(0)
N N
X Erad(l) > Erad > 1
grspl-acyclic cc)ne]\g T
1(p) 1(p)

We are using that mod cone g,_,, not only is g, _, invertible, but
kCp(0) — Eyaq is too.
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A good guess
Kp(perm(G; k)) ———» Dp(A)

lm) %
Dy Apfilpl)

grs
l un=colim, R(—)°(L®"®—)
quo

Dy (AP )/ (cone Be,.,)

e Typically quo(0) = un are equivalences, e.g. for Afl,.

e Here, quo(0) is fully faithful, contains A(0) in its essential image, and
has a candidate right-adjoint un.

e For p > 2, the essential image of quo(0) does not contain 1(1)

because un(1(1)) = ([2] — [1]) ¢ Kp(perm(G; k)). But it does
contain 1(p).
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A good guess
Kp(perm(G; k)) ———» Dp(A)

fil
Db(‘Aerpl)

l un=colim, R(—)°(L®"®—)
quo

fil
Do (Ag g1/ (cone Be.,)
fil
gab*
e Here, quo(0) is fully faithful, contains A(0) in its essential image, and
has a candidate right-adjoint un.

e Typically quo(0) - un are equivalences, e.g. for A

e For p > 2, the essential image of quo(0) does not contain 1(1)
because un(1(1)) = ([2] — [1]) ¢ Kp(perm(G; k)). But it does
contain 1(p).

e For p = 2, the essential image of quo(0) does contain 1(1)!
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A good guess

When p = 2, we have a miraculously shorter Koszul k — kC, — k, so

essim(quo(0)) kC,(0) —— k(0)
S
X Ejag — 1
cone is grspl—acyclicT% T
1(p) 1(1)

shows that 1(1) is in the essential image of quo(0)!
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A good guess
Kp(perm(G; k)) ———» Dp(A)

fil
Db(‘Aerpl)

l un=colim, R(—)°(L®"®—)
quo

fil
Do (Ag g1/ (cone Be.,)
fil
gab*
e Here, quo(0) is fully faithful, contains A(0) in its essential image, and
has a candidate right-adjoint un.

e Typically quo(0) - un are equivalences, e.g. for A

e For p > 2, the essential image of quo(0) does not contain 1(1)
because un(1(1)) = ([2] — [1]) ¢ Kp(perm(G; k)). But it does
contain 1(p).

e For p = 2, the essential image of quo(0) does contain 1(1)!
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Outline of this talk

9 The case G = C,

@ The bottom-left region stab(ﬂgiislpl)
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Consider the prime tt-ideal ker(un: stab(Agt:pl) — stab(A)) of the
filtrations of projectives.
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Consider the prime tt-ideal ker(un: stab(Agtgpl) — stab(A)) of the
filtrations of projectives.

Progress (N., Sunday)

ker(un) is generated as a
tt-ideal by any nonzero
gap'(Eyad), and it contains
any remaining primes. So
Spc(stab(Agi'slpl)) is the space

0

AN

37

AN

ker(un)
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Consider the prime tt-ideal ker(un: stab(AP™ ) — stab(A)) of the

grspl
filtrations of projectives.
Progress (N., Sunday) e For example, to show that
Spc(stab(f[gt'slpl)) consists of only

ker(un) is generated as a two points, it suffices to show that

tt-ideal by any nonzero f A

i(Eyng), and it contains or any nonzero A, some nonzero
8aP'\Erad /> _ gap'(Ead) is in (A).
any remaining primes. So
Spc(stab(Agi'slpl)) is the space

0

AN

37

AN

ker(un)
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Consider the prime tt-ideal ker(un: stab(AP™ ) — stab(A)) of the

grspl
filtrations of projectives.
Progress (N., Sunday) e For example, to show that
Spc(stab(f[gt'slpl)) consists of only

ker(un) is generated as a

) two points, it suffices to show that
tt-ideal by any nonzero

; . . for any nonzero A, some nonzero
gap'(Eyad), and it contains

7 ) gap'(Eraq) is in (A).
any remaining primes. So o _
SPC(Stab(Aggm)) is the space ° For p = 2 this is eas¥ because |fIA
is nonzero, then gap'(E;.q) ® Ais a
0 direct sum of twists of gap!(Eaq)’s.

AN

37

AN

ker(un)
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Consider the prime tt-ideal ker(un: stab(AP™ ) — stab(A)) of the

filtrations of projectives.

Progress (N., Sunday)

ker(un) is generated as a
tt-ideal by any nonzero
gap'(Eyad), and it contains
any remaining primes. So
Spc(stab(Agi'slpl)) is the space

0

AN

37

AN

ker(un)

grspl

e For example, to show that

Spc(stab(f[gfslpl)) consists of only
two points, it suffices to show that
for any nonzero A, some nonzero
gap'(Eraq) is in (A).

For p = 2 this is easy because if A
is nonzero, then gap!(E.q) ® A is a
direct sum of twists of gap!(Eaq)'s.
For p > 2, this does not work

because there are indecomposable
filtrations of decomposables.

Colin Ni (UCLA) Permutation-filtered kG-modules August 27, 2024 30/33



Outline of this talk

@ Future work
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Modular fixed points and K,(perm(G; k))
Set K(G) = Kp(perm(G; k)) for G a p-group. Spc(K(G)) is known!
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Modular fixed points and K,(perm(G; k))
Set K(G) = Kp(perm(G; k)) for G a p-group. Spc(K(G)) is known!
Theorem (Balmer-Gallauer, 2023)

There exist modular fixed points functors W*: X(G) — K(G / H)
satisfying WH(k(G/K)) = k((G/K)H). The cohomological opens
Spec"(H*(G // H, k)) = Spc(Du(G J/ H)) C Spc(K(G / H)), for H < G up
to conjugacy, partition Spc X(G).
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Modular fixed points and K,(perm(G; k))
Set K(G) = Kp(perm(G; k)) for G a p-group. Spc(K(G)) is known!
Theorem (Balmer-Gallauer, 2023)

There exist modular fixed points functors W*: X(G) — K(G / H)
satisfying WH(k(G/K)) = k((G/K)H). The cohomological opens
Spec"(H*(G // H, k)) = Spc(Du(G J/ H)) C Spc(K(G / H)), for H < G up
to conjugacy, partition Spc X(G).

For example Spc(K(C, x (7)) is the space

M(Nao) M(1)
[ [ ]
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Modular fixed points and Ky(perm(G; k))
Set K(G) = Kp(perm(G; k)) for G a p-group. Spc(K(G)) is known!
Theorem (Balmer-Gallauer, 2023)

There exist modular fixed points functors W*: X(G) — K(G / H)
satisfying WH(k(G/K)) = k((G/K)H). The cohomological opens
Spec"(H*(G // H, k)) = Spc(Du(G J/ H)) C Spc(K(G / H)), for H < G up
to conjugacy, partition Spc X(G).

In general, it looks like various projective support varieties glued together.
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Modular fixed points and Ky(perm(G; k))
Set K(G) = Kp(perm(G; k)) for G a p-group. Spc(K(G)) is known!

Theorem (Balmer-Gallauer, 2023)

There exist modular fixed points functors W*: X(G) — K(G / H)
satisfying WH(k(G/K)) = k((G/K)H). The cohomological opens
Spec"(H*(G // H, k)) = Spc(Du(G J/ H)) C Spc(K(G / H)), for H < G up
to conjugacy, partition Spc X(G).

In general, it looks like various projective support varieties glued together.

Conjecture (Balmer, 2024)

There exist filtered versions of the modular fixed points functors, and they

organize Spc(Aggp,) into two copies of Spc(XK(G)) with specializations

directly upward
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Modular fixed points and Ky(perm(G; k))
Set K(G) = Kp(perm(G; k)) for G a p-group. Spc(K(G)) is known!

Theorem (Balmer-Gallauer, 2023)

There exist modular fixed points functors W*: X(G) — K(G / H)
satisfying WH(k(G/K)) = k((G/K)H). The cohomological opens
Spec"(H*(G // H, k)) = Spc(Du(G J/ H)) C Spc(K(G / H)), for H < G up
to conjugacy, partition Spc X(G).

In general, it looks like various projective support varieties glued together.

Conjecture (Balmer, 2024)

There exist filtered versions of the modular fixed points functors, and they

organize Spc(Aggp,) into two copies of Spc(XK(G)) with specializations

directly upward
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